We provide some necessary and sufficient conditions for a proper lower semicontinuous convex function, defined on a real Banach space, to be locally or globally Lipschitz continuous. Our criteria rely on the existence of a bounded selection of the subdifferential mapping and the intersections of the subdifferential mapping and the normal cone operator to the domain of the given function. Moreover, we also point out that the Lipschitz continuity of the given function on an open and bounded (not necessarily convex) set can be characterized via the existence of a bounded selection of the subdifferential mapping on the boundary of the given set and as a consequence it is equivalent to the local Lipschitz continuity at every point on the boundary of that set. Our results are applied to extend a Lipschitz and convex function to the whole space and to study the Lipschitz continuity of its Moreau envelope functions.
Introduction
Lipschitz continuous and convex functions play a significant role in convex and nonsmooth analysis. It is well-known that if the domain of a proper lower semicontinuous convex function defined on a real Banach space has a nonempty interior then the function is continuous over the interior of its domain [3, Proposition 2 .111] and as a consequence, it is subdifferentiable (its subdifferential is a nonempty set) and locally Lipschitz continuous at every point in the interior of its domain [3, Proposition 2.107] . Moreover, by the Hahn-Banach principle, at every interior point of the domain, For a convex function, the nonemptiness of its subdifferential at some point in its domain is equivalent to its calmness at that point [11, Proposition 3.29 ]. Calmness is a property like local Lipschitz continuity but it involves comparisons only between a fixed point and nearby points, not between all possible pairs of points in some neighborhood of that fixed point. Therefore, for the calmness of a convex function, we can deal with boundary points of its domain. In light of this view, in this paper, we consider the notions of local and global Lipschitz continuity for a function with respect to its domain. Here, our points of Lipschitz continuity may not be in the interior of the domain of the given function. It turns out that local Lipschitz continuity is equivalent to the calmness on the corresponding neighborhood with the same modulus. This relationship helps us to characterize the local Lipschitz continuity of a proper convex function by the boundedness of a selection of its subdifferential. Moreover, by using the mean value theorem and the extension of a Lipschitz convex function to the whole space, we could establish some new characterizations for the local Lipschitz continuity for a lower semicontinuous convex function in terms of the intersections of its subdifferential and the normal cone to its domain. As a by product, some necessary and sufficient conditions for the global Lipschitz continuity are also deduced from the criteria for the local case.
Since the subdifferential of a proper lower semicontinuous convex function is nonempty on the interior of its domain, its Lipschitz continuity over an open set is equivalent to the boundedness of its subdifferential on that set. If the open set is bounded then its boundary is a nonempty set. It is interesting if we could get the Lipschitz continuity of the given function on an open bounded set from its information on the boundary that set. In this paper, by using the maximal monotonicity of the subdifferential operators, we can deduce the necessary and sufficient conditions for the Lipschitz continuity of a lower semicontinuous convex function on an open bounded set from the boundedness of some selection of its subdifferential on the boundary of that set. This characterization allows us to show that the Lipschitz continuity on an open bounded set is equivalent to local Lipschitz continuity on the boundary of that set. We also use this characterization to estimate the values of the function on an open bounded set from the diameter of the given set and to deduce a criterion for the global Lipschitz continuity from the boundedness of the distance function from the origin to the subdifferential operator at infinity.
Our obtained results are used to study two classical problems in convex analysis: the extension of a Lipschitz and convex function to the whole space and the justification of Lipschitz continuity of its Moreau envelope functions. For the first problem, Hiriart-Urruty [8] gave an explicit formula for the extension by performing the infimal convolution of two functions associated with the data of the problem. We propose here an alternative extension obtained by taking the supremum of all possible linear approximations of the given function. This extension is geometric and the subdifferential of the extending function is the biggest among all other extending ones. For the second problem, we show that the Lipschitz continuity of the Moreau envelope functions can be inherited from the Lipschitz continuity of the original function. It is interesting that all the regularized functions share the same Lipschitz constant of the original function.
The rest of the paper is structured as follows. Sect. 2 recalls some basic notations and preliminary results in convex analysis. Characterizations for the local and global Lipschitz continuity of a proper lower semicontinuous convex function are presented in Sect. 3. In Section. 4, necessary and sufficient conditions for the Lipschitz continuity on an open bounded set are investigated. The last section applies the obtained characterizations to the extension of a Lipschitz convex function and to establish the Lipschitz continuity of its Moreau envelope functions. Then, f S,ℓ is ℓ−Lipschitz on X and coincides with f on S. Moreover, if S is a convex set and f is convex then f S,ℓ is convex.
Suppose now that f is a proper convex function. A functional x * ∈ X * is said to be a subgradient of f at x ∈ X, if f (x) is finite and
The collection of all subgradients of f at x is called the subdifferential of f at x, that is,
The function f is said to be subdifferentiable at x if f (x) is finite and ∂f (x) = ∅. The set of subdifferentiable points of f , denoted by dom ∂f , is called the domain of ∂f . By [3, Proposition 2.126 (iv)], if f is continuous at x ∈ dom f then x ∈ dom ∂f . Clearly, the mapping ∂f is monotone, i.e., for every x, y ∈ dom ∂f we have
for all x * ∈ ∂f (x) and y * ∈ ∂f (y). Moreover, by [13, Theorem A], if f is l.s.c. then ∂f is maximal monotone, i.e., if (x, x * ) ∈ X × X * satisfies the monotone relationship (1) for all (y, y * ) ∈ X × X * with y * ∈ ∂f (y) then x * ∈ ∂f (x). Basic theory of maximal monotone operators in Banach spaces is presented in [2, Chapter 2].
The following theorem (see [12, Theorem 3] ) gives a subdifferential sum rule for proper convex functions.
Theorem 2.2 Let f 1 and f 2 be proper convex functions on X. Suppose that there exists a point at which both functions are finite and at least one is continuous. Then, for all x ∈ X,
We recall the Zagrodny mean value theorem [15, Theorem 4.3] for proper l.s.c. convex functions.
Given a nonempty set Ω ⊂ X, intΩ is the interior of Ω, Ω is the closure of Ω and bd(Ω) is the boundary of Ω with respect to strong topology on X. Suppose now that Ω is nonempty and convex.
For every x ∈ Ω and ε ≥ 0, we define the set of ε−normals to Ω at x (see, e.g., [9, Definition 1.1 and Proposition 1.3]) by
When ε = 0, elements of (2) are called normals and their collection, denoted by N (x; Ω), is the normal cone to Ω at x. Clearly, for every r > 0, Ω ∩ B(x; r) is convex and
The function δ Ω : X → R defined by
is called the indicator function of Ω. Clearly, δ Ω is a proper convex function and for every x ∈ Ω we have ∂δ Ω (x) = N (x; Ω). Finally, by using the subdifferential sum rule for the fucntion f 1 (x) = δ Ω (x) and f 2 (x) = ε x −x atx, we get the following relationship
Local and global Lipschitz continuity
We start with a necessary condition and a sufficient one for the Lipschitz continuity of a proper convex function on a nonempty subset of its domain. The following lemma is simple but it is useful in the sequel. 
Proof. Assume that (5) is satisfied. We will prove f is ℓ−Lipschitz on S. It follows from (5) that S ⊂ dom ∂f ⊂ dom f . Let x, y be two points in S. Again, by (5) , there exists x * ∈ ∂f (x) such that x * ≤ ℓ. Employing the definition of subdifferential, we get
Changing the role of x and y, we immediately obtain
Suppose now that S is open and f is ℓ−Lipschitz on S. Clearly, f is continuous on S and so (6) (5) or (6) is satisfied. However, ℓ−Lipschitz continuity of f on an arbitrary set S can not imply (5) . For example, for S = {1} ⊂ R and f (x) = x, f is a proper convex and 0−Lipschitz function on S while ∂f (1) ∩ 0B * = ∅.
Characterization for the calmness at one point and Lemma 3.1 allow us to find a necessary and sufficient condition for the local Lipschitz continuity of a proper convex function and to establish the equivalence of its local Lipschitz continuity and its calmness at every point in the corresponding neighborhood. 
As a direct application of Theorem 3.1, we get the criteria for the global Lipschitz continuity of a proper convex function. (b) f is calm at every point in dom f with the same modulus ℓ. 
Indeed, the function f (x) = δ [0,1] (x) is proper convex and 0−Lipschitz function on dom f = [0, 1] and its subdifferential is given by
Clearly, ∂f (x) ⊂ 0B * when x ∈ (0, 1) while ∂f (x) ⊂ 0B * when x ∈ {0, 1}.
We come to characterizations of the local Lipschitz continuity of a proper l.s.c. convex function in terms of the intersections of its subdifferential and the normal cone to its domain. 
Proof.
Since f is proper and convex, dom f is a nonempty convex set. Suppose that f is ℓ−Lipschitz on dom f ∩B(x; r). By Theorem 3.1, f is subdifferentiable on dom f ∩B(x; r). Invoking Theorem 2.1, we can construct an ℓ−Lipschitz convex functionf : X → R such that
Sincef is ℓ−Lipschitz continuous on X, we have ∂f (x) ⊂ ℓB * for all x ∈ X. Hence, for every
x ∈ dom f ∩ B(x; r), applying Theorem 2.2 for the convex functionsf and δ dom f ∩B(x;r) and using (3) and (4), we get the following inclusions 
Let z * be any point in ∂f (z) ∩ N ℓ (z; dom f ). By the monotonicity of ∂f , for every n ∈ N, we have
It follows from (7) that
Taking z → y in the above inequality and using the lower semicontinuity of f , we get 
Lipschitz continuity on bounded and open subsets
In this section we obtain characterizations of Lipschitz continuity of a proper l.s.c. convex function on an open and bounded (not necerrarily convex) set in term of the information on the boundary of the given set. We begin with a criterion based on the existence of a bounded selection of the subdifferential operator. Proof. Suppose that S is bounded and (a) holds. Let x, y be two distinct points in S. We will show that 
Furthermore, since z * ≤ ℓ, we have
From the inequalities (9) and (10), we get (8) by the following estimates
Suppose now that S is open and f is ℓ−Lipschitz on S. Let x ∈ bd(S) and {x n } ⊂ S be a sequence such that x n → x. Since S is open and f is ℓ−Lipschitz on S, by Lemma 3.1, there exists a sequence {x * n } ⊂ X * such that x * n ∈ ∂f (x n ) and x * n ∈ ℓB * for all n ∈ N. By the Banach-Alaoglu theorem, there exist x * ∈ X * and subnet {x * i } i∈I of {x * n } such that {x * i } i∈I is weakly-star convergent to x * and x * ≤ ℓ. By the maximal monotonicity of ∂f , we have x * ∈ ∂f (x) (see [5, Fact 3.5] 
Proof.
Since Lipschitz continuity on S is equivalent to Lipschitz continuity on S with the same modulus, we only need to show local Lipschitz continuity on bd(S) with the same modulus implies Lipschitz continuity on S. Suppose now that f is locally ℓ−Lipschitz with respect to S at every point in bd(S). We will use Let {x n } ⊂ S and {x * n } ⊂ X * be the sequences such that x n → x and x * n ∈ ∂f (x n ), x * n ≤ ℓ for all n ∈ N. By the Banach-Alaoglu theorem, there exist x * ∈ X * and subnet {x * i } i∈I of {x * n } such that {x * i } i∈I is weakly-star convergent to x * and x * ≤ ℓ. By the maximal monotonicity of ∂f , we have x * ∈ ∂f (x) (see [5, Fact 3.5] 
where diam(S) := sup{ s 1 − s 2 : s 1 , s 2 ∈ S} is the diameter of S.
Proof. According to Theorem 4.1, f is ℓ−Lipschitz on S. It follows that, for every x, y ∈ S,
Taking the supremum in the variable x of the left hand side and infimum in the variable y of the right hand side of the above inequality, we get (11) . ✷
We end this section by using Theorem 4.1 to deduce a criterion of the global Lipschitz continuity from the boundedness of the distance function from the origin to the subdifferential operator at infinity. 
where d(0, ∂f (x)) := inf{ x * : x * ∈ ∂f (x)}.
Proof. If f is ℓ−Lipschitz continuous on X then for every x ∈ X, ∂f (x) = ∅ and ∂f (x) ⊂ ℓB * , and so (12) holds. Conversely, suppose that (12) holds. Let x, y be two any points in X. By (12), for every ε > 0 there exists r > 0 (sufficiently large) such that x, y ∈ rB and ∂f (z) ∩ (ℓ + ε)B * = ∅ for all z ∈ X such that z = r. By Theorem 4.1, f is (ℓ + ε)−Lipschitz on rB and so
Taking ε ↓ 0 in the latter inequality, we get the conclusion. ✷
Applications
Two classical problems in convex analysis are investigated in this section: the extension of a Lipschitz and convex function to the whole space and the justification of Lipschitz continuity of its Moreau envelope functions.
Extension of Lipschitz and convex functions
Let ℓ ≥ 0 and f : X → R be a proper convex and ℓ−Lipschitz function on dom f . We say that f : X → R is an extension of f iff is convex, ℓ−Lipschitz continuous and satisfies
Observe that iff is an extension of f then
Indeed, sincef is ℓ−Lipschitz continuous on X, ∂f (x) ⊂ ℓB * for all x ∈ X. Moreover, by (13) 
Then, domf = X andf is a convex and ℓ−Lipschitz function on X and for every x ∈ dom f
Proof. By Corollary 3.1, for every x ∈ dom f , ∂f (x) ∩ ℓB * = ∅ and so f (x) ≤f (x). Let
Clearly, S = ∅ andf is given bỹ
Sincef is the pointwise supremum of linear functionals,f is convex. Let x, u be two points in X.
For every (y, y * ) ∈ S, by the definition of subdifferential
and by the inequality y * ≤ ℓ, we have
Taking the supremum to all (y, y * ) ∈ S both sides of (17) and (18), we get
The first inequality in (19) implies that f (x) =f (x) for every x ∈ dom f . Hence, the second inequality in (19) implies that domf = X andf is ℓ−Lipschitz on X. By (14) , to get (16) , it suffices to show that ∂f (x) ∩ ℓB * ⊂ ∂f (x) for all x ∈ dom f . Indeed, let x ∈ dom f and x * ∈ ∂f (x). Then, f (x) =f (x) and by (15) , for every z ∈ X, we havẽ
and so x * ∈ ∂f (x). Hence, ∂f (x) ⊂ ∂f (x). ✷ When the domain of the function has a nonempty interior and the original function is lower semicontinuous, the extended function can be refined. 
Observe that dom f is closed. Indeed, suppose that {x n } ⊂ dom f and x n → x. By the Lipschitz continuity of f , for every n ∈ N,
By the lower semicontinuity of f , we have
and so x ∈ dom f . Hence, dom f is closed. According to Theorem 5.1, it suffices show that for any x / ∈ dom f and z ∈ dom f, z * ∈ ∂f (z) ∩ ℓB * , then
The inequality automatically holds if z ∈ bd(dom f ). Now we assume that z ∈ int(dom f ). Since dom f is closed, there exists α ∈ (0, 1) such that
By Corollary 3.1, ∂f (y) ∩ ℓB * = ∅. Pick y * ∈ ∂f (y) ∩ ℓB * . By the definition and the monotonicity of ∂f , we have
which implies that (21) is satisfied. ✷
Moreau envelopes of the convex functions
Let us recall the notion of Moreau envelope of a function and its properties. For any λ > 0 the Moreau envenlope of index λ of a function f : X → R is defined by
Suppose now that f is a proper l.s.c. convex function. In this setting, the envelopes of f are also called Moreau-Yosida regularizations. By [6, Proposition 1.10], f is bounded below by an affine continuous functional, i.e., there exist x * ∈ X * and α ∈ R such that f (y) ≥ x * , y + α, ∀y ∈ X.
Let x, y be arbitrary in dom f . Since f is ℓ−Lipschitz on dom f , by Corollary 3.1, dom f = dom ∂f and there exist x * ∈ ∂f (x), y * ∈ ∂f (y) such that x * ≤ ℓ and y * ≤ ℓ. Applying Lemma 5.1, we get
and so f λ is ℓ−Lipschitz on dom f . ✷ Remark 5.1 When X is reflexive we can give a simple proof of Theorem 5.2 without using Lemma 5.1. Indeed, let λ > 0 and x ∈ dom f . Since X is reflexive, there exists x λ ∈ dom f satisfying (26). Moreover, since f λ is convex and locally Lipschitz on X, we have ∂f λ (x) = ∅. Let x * λ ∈ ∂f λ (x). By (26), we have x * λ ∈ ∂f (x λ ) ∩ (1/λ)J(x − x λ ). Since f is ℓ−Lipschitz on dom f , by Corollary 3.2, x * λ ∈ ∂f (x λ ) ⊂ N ℓ (x λ ; dom f ) and so
On the other hand, x * λ ∈ (1/λ)J(x − x λ ) implies that
Combining (30) and (31), we get
Hence, ∂f λ (x) = ∅ and ∂f λ (x) ⊂ ℓB * for all λ > 0 and x ∈ dom f . By Lemma 3.1, f λ is ℓ−Lipschitz on dom f for all λ > 0.
Conclusions
Characterizations of Lipschitz continuity of a proper l.s.c. convex function on a real Banach space are investigated in this paper. Our criteria are expressed in terms of the boundedness of some selection of the subdifferential operator and the intersections of the subdifferential operator and the normal cone operator to domain of the function in question. On an open and bounded (not necessarily convex) set, we also characterize the Lipschitz continuity of the given function via the boundedness a selection of the subdifferential operator on the boundary of the given set. Applications to two classical problems in convex analysis are given: the extension of a Lipschitz and convex function to the whole space and the justification of Lipschitz continuity of its Moreau envelope functions.
